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Abstract 
We presented a new method for measuring the squares of the amplitudes and phases of 
partial vortex-beams in a complex beam array in real time. The method is based on measuring 
the high-order intensity moments and analyzing the solutions of a system of linear equations. 
Calibration measurements have shown that the measurement error at least for an array of 10-15 
beams does not exceed 4%. When measuring beams with different fractional topological charge 
of optical vortices, we revealed a sharp decrease in the OAM for small deviations of the 
topological charge from the integer order which is associated with a sharp increase in the number 
of integer-order vortices. The application of this approach e.g. for the terabit-information 
processing in optical fibers provides significant advantages in comparison with the traditional 
diffraction methods and opens up additional possibilities of information compressor when 
modulating not only the OAM but also phases of partial beams 
 
The intensive development of singular optics stimulates the search of new express 
methods for creating and measuring the composition of optical vortices (the vortex spectrum) 
and the orbital angular momentum (OAM) in complex arrays of simple vortex-beams. The term 
"vortex spectrum" as used in the text means the dependence of the square of the amplitude and 
phase of the standard vortex-beams on their azimuthal index (topological charge). In its physical 
nature, an optical vortex is a simple phase structure with a helix wavefront, whereas an array of 
optical vortices forms a peculiar phase skeleton of a complex paraxial beam [1].  Even a weak 
effect on the individual vortices of the array leads to a distortion of the phase skeleton and, 
consequently, to the loss of basic information embedded in the singular beam. There are many 
approaches to measuring the properties of vortices in an array based on aperturing some sections 
of the wavefront surface (Shack–Hartman method) or sorting individual beams in accordance 
with their azimuthal index (see, e.g. a detailed review in [1] and references therein). All of them 
are accompanied by cuts of the wavefront and partial loss of information. Nevertheless, 
important properties of the optical vortex array can be preserved and improved provided that 
diffraction optical elements (DOEs) are used for telecommunications systems, cryptography, 
entanglement devises, etc [2-5]. The first attempts to transmit compressed information flows in 
complex beams due to the coding of OAM via DOEs were associated with a low quality of the 
optical vortex separation and the overlapping of various partial beams in the same diffraction 
orders [6]. A significant contribution to the technology of DOEs was made by Kotlyar, Khonina, 
Soifer et al (see Ref. [7-10].and references therein). Their holographic filters made it possible to 
form complex beams and to separate a great number of vortex-beams comprising in an optical 
array. Further development of this approach was implemented in a variety of devices for terabit 
information transmission through free space or optical fibers [11,12]. However, many optical 
wave structures, such as vortex-beams with a fractional topological charges, optical quarks, etc 
[13-15] require continuous monitoring of the amplitude, phase, polarization, and OAM of the 
partial vortices in the wave array, which can not provide diffraction methods 
Is it possible in principle to simultaneously measure the amplitude, phase, and OAM of 
partial vortices in a complex beam array without destroying its internal structure?  The use of 
refractive elements to measure OAM [16] does not solve the problem, since it introduces 
significant phase and amplitude distortions into the beam. The vortex spectrometer proposed in 
[17] also does not provide a solution to the problem, since a change in the beam aperture and its 
subsequent coupling with a single-mode fiber breaks substantially the structure of the vortex 
array.  
In connection with this, we focused attention on the properties of the Wigner function 
distribution and its adaptation by Hu for optics in the form of intensity moments [18]. The fact is 
that the second-order intensity moments make it possible to measure not only certain parameters 
of a paraxial beam [19,20], but also to control the inner state of optical vortices (intrinsic and 
extrinsic OAM etc) without changing the beam structure [21-23].    
The aim of our letter is to demonstrate ant to test a method for controlling the vortex 
spectrum of a vortex-beam array via a measurement of high-order intensity moments 
1.   As the simplest model for analysis, we choose a scalar wave field in the form of a 
superposition of the N   monochromatic Laguerre-Gauissian beams mnLG  of the lowest order, 
where n  and m  are the radial and azimuthal indices, respectively, so that all the beams have the 
same waist radius  0w  at 0.z =  We shall consider the wave field in the waist plane in the form 
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where ( )2expG r= − , ϕ −  is an azimuthal angle, 2 2 0/r x y w= +  r  is normalized radial 
coordinate, 12 !m
m
N m pi− −=  stands for the normalization factor, mC  is a beam amplitude, mβ  is 
the initial phase. Generally speaking, the representation of a complex beam field can be chosen 
for any basis of orthogonal functions. However, we chose the most appropriate version (1), 
acceptable for reading and understanding. Besides, we consider the nondegenerate case of the 
field representation ( )0 0m or m≥ ≤ , since the intensity moments do not distinguish beams with 
axial symmetry but different signs of topological charges m± .  
The intensity distribution of the beam can be represented in the form 
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Note that the first term in the expression (2)   depends only on the squares of the amplitudes 2
ь
С , 
the second term contains only 
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β . Our task is 
to measure each term of all sum. To this end, we introduce the standard expression for the 
intensity moments [18] 
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 The intensity moments (3) can be experimentally measured [19]. Now the problem is to 
choose a combination of intensity moments 
,p qJ  in such a way as to exclude all terms of the last 
two sums and leave only the first one in eq. (3). A direct calculation shows that this requirement 
is satisfied by the relation   
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Substituting eq. (2) into eq. (3) and taking into account relation (4), we obtain a system of  2N −  
linear equations for the squares of amplitudes 2mC   
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In order that the system of equations become complete, we put formally 1/ 2p =  then we find 
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Thus, the right-hand sides of the equations are measured experimentally, then the solution of the 
linear system (5)-)6) gives the desired values of squares of the amplitudes 2mС . 
Since the intensity of the beam array depends only on the phase difference between two 
pairs of modes, in calculating the initial phases mβ   we will assume that the phase of one of the 
beams is given (say 0 0β = ).  Now it is necessary to choose the combination of intensity 
moments 
,p qJ  so that either the second or the third sum in eq.(2) is taken into account in the 
calculation. It is natural to calculate not all the phase differences 
,n mβ , but only 0,mβ .  However, 
we did not find such combinations 
,p qJ  that could filter out only terms with 0,mβ .  
Generally speaking, to calculate the phase difference 
,m nβ  it is required to find the M  
equations for variables 
, ,
cosm n m n m nX C C β=  and , ,sinm n m n m nY C C β=  in the second and third sum 
in eq.(2)   whose number is equal to the number of 2-combinations from N  elements.   
It turns out that the number of equations can be significantly reduced if we use the 
moments ( )2 1 ,1pJ +  for mX variables and ( )1,2 1pJ +  for mY  variables. The system of linear equations 
for the phase difference are written in the form  
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Fig.1  Exprimerimental setup for real-time measuring the vortex and the OAM spectrum, P – polarizer, 
FF – space light filter, SLM – space light modulator, L1, L2 – spherical lenses with a focal length ,  
BS – beam splitter, CL – cylindrical lent with a focal length , CCD1,2 – CCD camera. 
  
  
  
  
equations in each system (7) and (8) is 3( 3), 6K N N= − ≥ . It is noteworthy that the eqs (7) 
and (8) contain only terms with an odd difference of indices, including 0,mβ , so that a finite 
solution enables us to obtain all phases of the partial beams in the form 
, , ,
tan /m n m n m nY Xβ =  .  
2.     Measurements of the square of the amplitude, phase, and the OAM of the array of N   
beams were carried out on the experimental setup in Fig.1. The laser beam 0.628mcmλ =  
passes through a spatial filter SF and is projected onto a spatial light modulator SLM that forms 
an array of N  singular beams with given amplitudes 
m
C   and phases 
m
β . The reflected beam is 
split into two arms by a beam splitter BS. In the first arm, the beam is projected by a spherical 
lens onto the plane of the CCD1 camera. The image of the beam cross-section at the beam waist 
plane is processed by the computer that calculates the intensity moments 
,p qJ in real time. In the 
process of computer processing, the intensity moments 
,p qJ   are substituted into the equations 
(4)-(8) and the squares of amplitudes 2
m
C  and phases 
m
β  of the partial beams are monitored. For 
the calculation of the moments 
,p qJ , the photocurrent in each pixel of the image is multiplied by 
the cords p qx y⋅ , the results are summed over the entire image plane, normalized by the beam 
intensity 00J   and output to the computer monitor. In the second arm, the beam is focused by a 
cylindrical lens CL with a focal length cylf   at the plane of the CCD2 camera located at the focal 
plane of the lens CL. The image is processed by the computer in accordance with the method of 
Fig. 2  A typical pattern of intensity distribution   in a beam array with :  (a) theory, (b) 
experiment  and its holographic grating for its generation (c) 
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Fig.3  The vortex spectrum   (a) and (b) the phase histogram   of the array of 
  beams (blue –  theory, red – experiment) 
  
  
  
  
  
  
measuring the OAM per photon, described in detail in the paper [22]. The method was based on 
the measurement of the second-order intensity moments 
     To calibrate the optical systems in Fig,1 we first measured the squares of the amplitudes 2
m
C  
and phases 
m
β  of standard beam arrays with previously known parameters. First, we measured 
the waist radius of the initial beam 0w  at the observation plane via the second-order intensity 
moments  [19] for normalizing the coordinates ,x y . Then the computer program accidentally 
changed the magnitude of the amplitudes and phases. The obtained values were displayed on the 
monitor. One example of the intensity distribution ( ),r ϕℑ   of a beam array is shown in Fig. 
2a,b. Fig.2с illustrates the diffraction grating for creating such beams. The vortex spectrum 
( )2mC m   and the phase distribution ( )m mβ  are shown in Fig. 3. The red color in the figures 
corresponds to the obtained results, and the blue color shows the initial theoretical data. The 
measurement error for 10N =   beams did not exceed 3-4% for amplitudes and 5-6% for phases. 
We found out an increase in the measurement error for the phases with increasing a number of 
beams. So for N=20 beams, the phase measurement error increased to 10%, while the error of the 
square amplitude increase only to 5%. We associate such an increase of the measurement error 
with the low resolution of the liquid-crystal matrix in    the light modulator (SLM) while in our 
case, the LQ-matrix resolution of the SLM is 900 900 pixels×   
3.       Analyzing the dependence of the OAM per photon  zℓ  on the fractional topological charge 
p   of the singular beam (the OAM spectrum), Berry predicted [24] that the angular momentum 
( )z pℓ  varies almost linearly (curve 1, Fig.4) with the growth of the p  value. The exact 
calculation of this case presented in Ref, [23] showed a nonmonotonic character of the  OAM 
( )z pℓ  (curce 2, Fig.4). As the topological charge p  rises, sharp bursts of the OAM occur at 
integer values p m= , while the width of the burst gets narrow. 
In order to confirm or to refute these predictions, we have made measurements of the 
OAM ( )z pℓ   and the vortex spectrum ( )2mC m .  We measured the OAM for different fractional 
 
Fig.4  (a) Theoretical dependence of the OAM per photon  on the fractional 
topological charge : estimated [24] ( curve 1) and exact [23] (curve 2) calculations. 
(b) Experimental measurements of the OAM in the region   (circles) and 
theoretical solid curve. (c) Vortex spectrum  of the fractional topological charge 
 Callouts in figures: theoretical (a) and experimental (c) intensity distributions 
 for  ; (b) experimental  for  in the focal plane of a 
cylindrical lens with , the LQ-matrix resolution  
 
  
  
  
  
  
  
  
  
  
  
  
charges p  in region 10p m= =  using the second arm of the experimental setup in Fig. 1 (see 
Ref.[22]). The experimental circles in Fig. 4b are located near the theoretical curve indicating the 
sharp decrease of the OAM in the region of fractional charges p  in contrast to the predictions in 
Ref. [24]. But what physical processes are responsible for this effect? The question is answered 
by the experimental vortex spectrum ( )2mC m , shown in Fig. 4c. We see that a small deviation 
from the integer-order charge m   leads to the birth of a wide range of vortices. Since the OAM 
per photon zℓ   is calculated as the ratio of the beam OAM zL  to its intensity 00J , for integer 
charges m  we deal only with one vortex, while a fractional charge p  corresponds to a large 
number of integer-order vortices with different weights. As a result, the OAM sharply decreases 
for fractional-order charges. 
Thus, we have examined and tested the method of real-time measurement of the vortex 
spectrum (the nondegenerate case) in the composition of complex arrays of singular beams. The 
analysis of the degenerate case requires complementary measurements in the changed symmetry 
of the beam. The application of this approach e.g. for the terabit-information processing in 
optical fibers provides significant advantages in comparison with the traditional diffraction 
methods.  
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